Recently, Lü and Pope proposed critical gravities in [Phys. Rev. Lett. 106, 181302 (2011)]. In this paper we construct analytic brane solutions in critical gravity with matter. The GibbonsHawking surface term and junction condition are investigated, and the thin and thick brane solutions are obtained. All these branes are embedded in five-dimensional anti-de Sitter spacetimes. Our solutions are stable against scalar perturbations, and the zero modes of scalar perturbations cannot be localized on the branes.
I. INTRODUCTION
It has been known that, by adding higher-order derivative terms (such as the squared-curvature terms) to the Einstein-Hilbert action, power-counting renormalizable theories of gravity can be realized. In the absence of the cosmological constant, although the theory is renormalizable, it suffers from having ghosts and is perturbatively nonunitary [1, 2] .
Recently, motivated by the works of chiral topologically massive gravity with a negative cosmological constant in three dimensions [3, 4] , critical gravities (quadratic-curvature actions with a cosmological constant) in four and higher dimensions have been constructed [5, 6] . At the critical point, these theories possess an anti-de Sitter (AdS) vacuum, for which there is only a massless tensor, and the linearized excitations have vanishing energy. It was also shown that at the critical point the theory admits additional modes, namely, the so-called logarithmic modes [5, [7] [8] [9] , which arise as limits of the massive spin-2 modes of the noncritical theory [9] . The quantization of the linear fluctuations of these critical gravities was studied in Ref. [10] . The unitarity of critical gravity theories was studied in Refs. [11, 12] .
It was shown that critical gravity theories without matter fields in higher dimensions admit solutions of the Einstein metrics (R MN = Λg MN ), which include both the AdS vacua and Schwarzschild-Tangherlini AdS black holes [5, 6, 10, 13] . In Ref. [14] , the authors found exact AdS-wave solutions in a general quadratic gravity theory with a cosmological constant. It turns out that some of these solutions do affect the asymptotic structure of the AdS space via their logarithmic behavior.
However, vacua with constant curvatures appear only in special theoretical models. Most gravitational models study deviation from vacua. Moreover, some new properties of the critical gravity appear only in models with matter fields. So it is crucial to find analytic background solutions. In this paper, we focus on the RandallSundrum (RS) brane model, which offers us a solution to the hierarchy problem by embedding two 3-branes in an AdS 5 spacetime [15, 16] . In the original setup, gravity is described by the Einstein gravity. There were some works about brane in higher derivative gravities (see for example Refs. [17] [18] [19] ). Here we would like to reconstruct a brane model in the simplest higher derivative gravity but at the critical point and give some exact solutions. Although it is still not clear whether the critical gravity theory is renormalizable in the presence of matter, it is interesting to consider a brane model in this theory. These considerations led us to the question: does critical gravity support RS brane solutions? Also, how higher-order curvature terms affect the properties of the solutions, for instance, the stability against linear perturbations, the junction conditions, etc? In this paper, both the RS thin and thick branes with codimension one are considered. It is found that at the critical point the equations of motion are of second order, and brane solutions are found to be simple. For simplicity, we only investigate Minkowski branes, the generalization to AdS and dS branes will be considered in our future work.
II. JUNCTION CONDITION AND THIN BRANE SOLUTIONS IN CRITICAL GRAVITY

A. The model
First, we consider the thin brane in the fivedimensional critical gravity. The action is
where the gravity part S g and the brane part S b are given by
where
is the Gauss-Bonnet term, q µν is the induced metric on the brane, and V 0 is the brane tension. The capital Roman alphabets M, N, ... = 0, 1, 2, 3, 4 and the Greek letters µ, ν, ... = 0, 1, 2, 3 denote the indices of the bulk and the brane, respectively. The line element describing a static flat brane can be assumed as
where e 2A is the warp factor with the normalized condition e 2A(0) = 1. We introduce the Z 2 symmetry by setting A(y) = A(−y).
The equations of motion are given by
, and
The junction condition is determined by
It is very difficult to find thin brane solutions for arbitrary α, β, and γ for the fourth-order differential equations (4) and the junction condition (6) . However, at the critical point 16α + 5β = 0 [5, 6] , the equations of motion (EOMs) in the bulk are reduced to the following second-order ones:
and the junction condition reads
where the prime denotes the derivative with respect to y, and
In the four-dimensional critical gravity, the squarecurvature modifications have no effect on the brane solutions, and the Einstein equations are Λ 0 + 3A ′2 = 0 and A ′′ = 0.
B. Junction condition
Actually, for the general coefficients α and β in a fivedimensional spacetime, we have the following identity:
(10) Here C 2 := C MN P Q C MN P Q is the square of the fivedimensional Weyl tensor,
It is obvious that 16α + 5β = 0 and ζ = 8γ − 3β = 0 are special. Since the Weyl tensor vanishes in our model, when the first condition is satisfied, i.e., 16α + 5β = 0, the solutions of the EOMs as well as the junction condition are the same as the Einstein-Gauss-Bonnet (EGB) gravity.
Gibbons-Hawking method
We can also adopt the Gibbons-Hawking method to derive the junction condition. First, we outline the basic idea. The thin brane divides the whole spacetime M into two submanifolds and should be interpreted as the boundary ∂M of the two submanifolds. n Q is the unit vector normal to the boundary ∂M and outward pointing.
is the extrinsic curvature (L n denotes the Lie derivative in the direction n), and K = g MN K MN is the trace of the extrinsic curvature. An important property is that the directions of n Q on both sides of ∂M are opposite. If we fix the vector n Q , the final results can be written
. See e.g. Refs. [20, 21] for the details. In the following, we choose n Q (0+) = n Q := (0, 0, 0, 0, −1) for right side, and only calculate right side.
The Gibbons-Hawking surface term of the EGB theory was given in Refs. [22] [23] [24] :
HereG µν =R µν − q µνR /2 is the Einstein tensor of the induced metric q µν and J is the trace of the following tensor:
The junction condition for the EGB theory is (in the following, we will prove that the contribution from the C 2 term vanishes for the conformally flat case)
In our case, (15) gives the same result of Eq. (8) .
For a general warped geometry with ds
, the junction condition is also of first order in the critical gravity, because C MP N Q is continuous. However, in this case, the solutions of the EGB gravity do not satisfy the EOMs of the critical gravity. We can also prove this statement from the full variational principle. This means that we should start from the action of the general case instead of the warped geometry. That will be more convincing. Explicitly, we have
The bulk term gives contribution to the EOMs, and the boundary term (and the corresponding generalized Gibbons-Hawking term) will give contribution to the corresponding junction condition.
In order to have a well-posed variational principal, we introduce an auxiliary field ϕ MN P Q , which has the same symmetry as the Weyl tensor and is also totally traceless. So C 2 is replaced by 2ϕ
Then we replace C MN P Q by the new field ϕ MN P Q in Eq. (17) . To proceed, we give some useful identities (for our case a N := n M n N ;M = 0):
Since n M is the unit norm to a hypersurface (brane),
for some function T (x, y).
This will lead to the identity (18) immediately. The second one can be proven straightforward:
With the help of the identity (19) , after integrating out the pure divergence
We define a new tensor ϕ MN := ϕ MP N Q n Q n P , which has the properties:
Then, the first term in Eq. (22) gives
So the surface term for the 3βC 2 /8 part is
Then with 2ϕ
whereK
It is not difficult to check the following identities:
Now we can introduce the corresponding GibbonsHawking surface term [25] for the C 2 term
So we have (considering the whole spacetime)
The junction conditions are
Here T 
Obviously, Eq. (31) gives no more constraint for brane solutions sinceK MN ≡ 0. Also the C 2 term does not contribute for the conformally flat spacetime.
Another auxiliary field method
There is another auxiliary field method that is widely used for critical gravity theories. Next we consider this method. The lagrangian (2a) can be written as
where the auxiliary field f MN is a symmetric tensor, and f = f MN g MN . The EOM of the auxiliary field f MN is f MN = 2βS MN with S MM defined in Eq. (12) .
From the lagrangian (35), we have (ignoring the EOM part and Gauss-Bonnet boundary part)
Here we have defined
The field B MN plays a similar role to the field C MN except that B MN is not traceless. Repeating the steps (17)- (24), we have
The generalized Gibbons-Hawking term is
The variation of the full action gives (the bulk and boundary terms of the Gauss-Bonnet term are omitted)
It should be emphasized that we do not assume any ansatz of the background metric in the variational process. So it is also true for the general case. It is suggested in Ref. [26] that we can set the variation of the basic (or bare) field δf MN (or δf MN ) to zero on the boundary. However, the junction condition depends on the choice of the basic field. If we choose f MN as the basic field, using δf In our opinion, we cannot make the above assumption from the perspective of the variational principle, at least for the higher-dimensional critical gravity. Using the Gauss-Codazzi equation, we find that the higher-order derivative term in f MN only includes L nKMN , and the other part should be dealt with as is done in the GaussBonnet gravity.
In order to obtain the correct junction condition, irreducible components are very important. Taking f (R) theories for example, the junction condition only requires [K] ± = 0 [21] . For the (higher-dimensional) critical gravity, apart from the second-order EGB part, the action only includes the C 2 term. C MN P Q is an irreducible component of the Riemann curvature, which results that the corresponding junction condition just contains the tensorK MN .
C. Thin brane solutions
For ζ = 0 (i.e., γ = 3β/8), according to Refs. [17, 18] , the theory dual to the N = 2 superconformal field theory is presumably related with the type IIB string on AdS 5 × X 5 , where X 5 = S 5 /Z 2 . The solution is just a flat brane in the Einstein gravity. It is also true for the AdS and dS branes. We do not give the solution here anymore. However, the linear fluctuation equations in the critical gravity are very different from those in the Einstein gravity.
In the following, we will give the solutions of the above brane equations (7) for ζ = 0 (i.e., γ = 3β/8).
For ζ = 0, Eqs. (7) support two solutions:
where the brane tensions are calculated with the junction condition (8) or (15) or (34) . For the first brane solution, A + (y) and V 0+ , the constraints for the parameters are ζ > 0 and Λ 0 < 0, or ζ < 0 and 4/ζ ≤ Λ 0 < 0. For both constraints the brane tension is positive.
For the second brane solution, A − (y) and V 0− , the constraints are ζ < 0 and Λ 0 ≥ 4/ζ. The brane tension is positive and negative for 4/ζ ≤ Λ 0 < −12/ζ and Λ 0 > −12/ζ, respectively. So, for this solution, the naked cosmological constant can be vanishing, for which we get a positive tension brane with the brane tension given by
. Furthermore, it is interesting to note that when Λ 0 = −12/ζ, the brane tension V 0− in (44b) vanishes and the warp factor reduces to A − (y) = − Λ0 2 |y|. Note that although the naked brane tension in the special case is zero, we could identify −αE (1) µν − βE Now, we study the limits of the solutions (44) under ζ → 0. For the brane solution A − (y), the limit is divergent. While, for A + (y) and V 0+ , they can be expanded as
So, when ζ → 0, the first brane solution in (44) can be reduced to the RS brane solution, while the second one cannot.
At last, we mention that, when
both solutions in Eq. (44) become the same one:
for which the effective cosmological constant also becomes the same one Λ = 2Λ 0 .
III. THICK BRANE SOLUTION IN CRITICAL GRAVITY
Next, we consider the thick brane generated by a scalar field in the five-dimensional critical gravity. The action reads
where S g is given by (2a) and the matter part is
The naked cosmological constant Λ 0 can be absorbed into the scalar potential. The line element is also assumed as (3) and the scalar field φ = φ(y) for a static brane. The EOMs for general α and β are of fourth order, while they reduce to the following second-order ones at the critical point 16α + 5β = 0:
where V φ ≡ dV dφ . Note that Eq. (51c) can be derived from Eqs. (51a) and (51b). Hence, the above three equations are not independent.
In order to solve the above second-order differential equations, we can use the superpotential method. Introducing the superpotential function W (φ), the EOMs (51a)-(51c) can be solved by the first-order equations:
The energy density ρ(y) of the system is given by
For a brane solution, we require that the energy density on the boundaries of the extra dimension vanishes:
from which the naked cosmological constant Λ 0 will be determined.
Next, we will give the solutions of the equations (52) with some choices of the superpotential. When ζ = 0, these equations will reduce to the case of general relativity, which has been discussed widely. So we only consider the nontrivial case of ζ = 0, for which we can get the usual φ 4 potential by setting W = 3aφ. The scalar potential is
and the corresponding naked cosmological constant is
When ζ > 0, the above scalar potential (54) is not a usual φ 4 potential with two degenerate vacua since v 2 0 < 0. Such potential does not support a thick brane solution because the energy density is divergent at the boundaries of the extra dimension y.
So we are only interested in the case of ζ < 0, for which v 2 0 > 0, b > 0, and the above scalar potential (54) has two vacua at φ ± = ±v 0 . The solution is
where k = 3a/v 0 = 3a 2 κ 2 −ζ/2. This solution stands for a thick flat brane with the energy density given by
The thickness of the brane is of about 1/k. On the boundaries |y| → ∞, the solution of the warp factor is
Note that the asymptotic solution (58) with the relation (55) is in accord with the thin brane solution (47)- (48) given in the previous section. From the asymptotic solution (58), we have R MN (|y| → ∞) → 2Λ 0 g MN = Λg MN . Therefore, the thick flat brane is embedded in an AdS spacetime with the cosmological constant Λ = 2Λ 0 . In a general quadratic curvature gravity theory in n(> 4) dimensions without matter fields, there are two disconnect AdS vacua. In the n(> 4)-dimensional critical gravity, there is a unique critical vacuum [6] . Note that in the above discussions we worked with double-well potentials with two ordered vacua and the domain walls interpolate between the two ordered vacua. An interesting question is whether one can also construct domain walls interpolating between the vacuum with φ = 0 and the ordered vacua. To this end, we need to analysis Eq. (52). At the boundaries y → ±∞, we set φ(−∞) = v, φ(+∞) = 0, and A(y → ±∞) → −k|y| with k > 0, and so φ ′ (±∞) = 0 and A ′ (y → ±∞) → ±k. Then, from Eq. (52), the superpotential should satisfy the conditions W φ (0) = 0 and W φ (±v) = 0.
IV. CONCLUSION AND DISCUSSION
In summary, we have generalized the RS brane model as well as its smooth version in the recently proposed critical gravity theory [5] . We found that the EOMs for the brane scenarios are of fourth order if the critical condition is not introduced, hence in this case there are no thin brane solutions [39] . However, in the critical case, the EOMs are of second order and the thin and thick brane solutions in five dimensions are obtained. All these branes are embedded in higher-dimensional AdS spacetimes.
For the thick brane scenario, because the scalar φ has a kink solution, the fermion zero mode can be localized on the thick branes by introducing the Yukawa coupling ηΨφΨ (see e.g. Refs. [27] [28] [29] ).
Brane-world models in higher derivative gravity theories were considered for example in Refs. [30] [31] [32] [33] [34] [35] [36] [37] . Here, we compare our thick brane solutions given in this paper with the one in the f (R) gravity with f (R) = R + αR 2 [36] . The action is
The line element is the same as as (3) . The thick brane is also generated by a scalar field with the usual φ 4 potential. The EOMs are of fourth order in this R 2 gravity, and the solution is given by [36] φ(y) = v 0 tanh(ky), (60a)
where k = 3 232α . It was shown that the linear tensor perturbation equations of the brane metric are of second order. The solution is stable against the tensor perturbations and gravity can be localized on the brane [36, 37] . It is still not clear whether the scalar perturbations are stable or not. While, for the case of the critical gravity, although the field equations for a brane model are of second order, the linear tensor perturbation equations are of fourth order.
In order to study the effective four-dimensional gravity on the branes, we need to consider the perturbations of the background metric:
In the following, we give some arguments to simplify our calculation.
Firstly, in a flat spacetime, it has been proven that the nontransverse traceless (NT) component of the metric fluctuations just contains the following terms
for some functions f N (x, z) and g(x, z). Secondly, the Weyl tensor C M N P Q is conformally invariant, so we can calculate its perturbations in a flat spacetime. Lastly, since the Weyl tensor in the brane background vanishes, the tensor δC Since the NT and TT components of the fluctuations are decoupled, and the NT components do not contribute to the C 2 part, the NT (scalar) perturbation equations are the same as that of the EGB gravity [19] . So, it also can be shown that the scalar perturbations are stable for our brane models, and the scalar zero modes are not localized on the brane. This is very important for a brane model, because localized scalar zero modes would lead to a "fifth force" never observed and is unacceptable in the effective four-dimensional theory.
The TT parts of the metric perturbations are governed by fourth-order differential equations at the critical point. It is unclear whether the tensor perturbations are stable and free of ghosts, and whether the four-dimensional gravitons can be localized on the branes and the effective Newton potential can be recovered. We would like to investigate these issues in future work.
